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Abstract. This paper aims to maximize the energy functionals of the Cauchy problem for one-dimensional
wave and heat equations through a rearrangement class of initial conditions. The energy functional
is defined to be the classical physical energy on a restricted interval. The corresponding result of
wave equations is considered separately for three cases and that of heat equations can be generalized
to higher dimensions. Moreover, uniqueness of the solution and stability problems are studied for
heat equations.

1. Introduction. Wave equations model the vibration and wave propagation phenomena
[8]. In particular, the classical one-dimensional Cauchy problem for the wave equation

Upp = czum, zeR, t>0,
(1.1) u(z,0) = f(z), =z=e€R,
Ut(x70> :g(x)a z €R,

governs the motion of a stretched string for some initial displacement function f(z) and initial
velocity g(z) where ¢ > 0 is the wave speed, f € C?(R) and g € C*(R). The corresponding
physical energy functional is defined as

(1.2) E(t) = = /_Oo (utz + czu?c) dx

and we know E(t) is conserved, i.e., E'(t) = 0 under certain conditions (See Section 4.3 in
[6]). For convenience, we choose to drop the normalizing constant % and replace the infinite
integral with a more comfortable integration over a bounded interval [—L, L]. In other words,
we let L be any positive constant and recast our energy functional as follows

g Ouy,g ? 2 (Ougg ?
(13) EL(fagvt)_/_L < ot ) +c <8x> dzx

where uy 4 is the solution of (1.1) given by the d’Alembert’s formula (See Section 4.2 in [6]):

r+ct
(1.4 urlet) = 5li+et) — fla=ctl+ 5 [ gl
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RENJING WANG

Note that here we make the sub-index uy , to emphasize the dependence of initial conditions
f and g. Roughly speaking, our aim is to find some appropriate initial conditions f and g that
maximize (1.3). In what follows, we consider the admissible set for possible initial conditions
to be the class of rearrangements:

(1.5) R(n) :=={h: pn(s) = py(s) for all s € R},

where 1 : R — R is a fixed measurable function, u,(t) = [{z : h(z) > t}| and |A| denotes the
measure of a Lebesgue measurable set A. puy is also called the distribution function of h. So
we consider our problem in the following generalized form:

Problem 1.1. Fiz non-negative go € L*(R) and fo € H'(R) where H'(R) denotes the
Sobolev space such that the function and its distributional derivative are both in L*(R). Find
two functions g € R(go) and f € R(fo) (if possible) such that EL(f, g,t) attains the mazimum.

If fo is non-trivial and |{fo > 0}| < 2L, it shall be proved that

sup EL(fagvt) = oC.
FER(fo)
9ER(90)

For the special case fo =0 and ¢t < L,

sup EL(fvga t) = EL(g*7t)
FeR(fo)
9€R(90)
where we applied an abuse of notation as f = 0 is fixed. Note that ¢g* denotes the Schwarz
symmetrization or symmetric decreasing rearrangement of g, which we will define in Section 2.
Heat equations describe the process of heat conduction in isotropic bodies [8]. In partic-
ular, the classical one-dimensional Cauchy problem for the heat equation

=k TX R, t 0,
(1.6) {ut U x € >

u(x,0) = h(x), z € R,

models the distribution of temperature in a rod where £ > 0 is the diffusion constant and
h € L'(R). The corresponding physical energy is

(1.7) E(t) = /OO u(z,t)dx

and E(t) is conserved under certain conditions (See Section 5.3 in [6]). Similarly, as discussed
for wave equations, our new energy functional is defined as

L
(1.8) Er(h,t) = / up(x, t)dx
-L
where uy, is the particular (or tailor-made) solution to (1.6) given by:

(1.9) we,) = [ @@= y.0b()dy

—0o0
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with

to be the fundamental solution of the heat equation. In what follows, our problem is formulated
as:

Problem 1.2. Fiz a non-negative hg € L*(R). Find one h € R(hg) (if possible) such that
Ep(h,t) attains the mazimum. In other words, we intend to solve

(1.10) sup Ep(h,t).
heR(ho)

Different from the results in wave equations, we have

sup FEr(h,t) = EL(h*,1).
heR(ho)

Additionally, uniqueness and stability problems will also be addressed.

2. Schwarz Symmetrization. In this section, we firstly introduce the notion of Schwarz
symmetrization and several related useful properties and inequalities.

If A is a measurable set of finite measure in R", we define A*, the symmetric rearrangement
of the set A, to be the open ball centered at the origin whose volume is the same as that of A.
Let f: R™ — R" be a measurable function vanishing at infinity, i.e., |[{z : f(x) > t}| is finite
for all ¢ > 0. For E C R", the notation yg(z) stands for the characteristic function of F, i.e.,
xe(x) =1 for x € E while xg(x) = 0 for x ¢ E. f* is defined as the “unique” symmetric
decreasing rearrangement (also called the Schwarz symmetrization) of f:

(@) = /0 Xiyorye (2)dt,

where we use {f > t} to denote the upper level set {x : f(x) > t}. Some of the important
properties of f* that we shall use later on are listed as follows:
1. f* is radially symmetric and non-increasing, i.e.,

[r@) = f*y)  iffz] < |yl
and f*(z) = f*(y)if |z| =|y|. Incidentally, we say that f* is strictly symmetric
decreasing if f*(z) > f*(y) if |z| < |y|.
2. If ¥ : R* — RT is non-decreasing, then
(2.1) (Tof)*=Wo f~
3. If f, g € LP(R™), where 1 < p < co. Then
(2:2) 1" = g"llp < [If = gllp-

Finally, we state a well-known result:
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Proposition 2.1. Fiz a non-negative gy € L*(R). If g € R(go), then g € L?*(R) and fur-
thermore we have ||gll2 = |goll2, where || - |2 denotes the L* norm.

Proof. This is a direct consequence of layer cake representation and Fubini Theorem, see
Lemma 2.1 in [3] or the point (iv) in Section 3.3 of [5]. [ ]

For more details of discussion, see Chapter 3 in [5] and Chapter 1 in [4]. On the other hand,
for a rich survey on the development of the rearrangement theory, we refer to Talenti’s article

[7]-

3. Energy Optimization in One-Dimensional Wave Equations with Initial Velocity. We
firstly consider our Problem 1.1 when fy = 0. In this section, we use u,; to denote the
d’Alembert solution (1.4) for (1.1) with f = 0. This time our energy functional (1.3) becomes

L
(3.1) Eu(gt) = /_ ()t + 2] da

Some basic properties of our solution are initially examined.

Proposition 3.1. Let v be the solution of the following Cauchy problem:

U = gy, reR, t>0,
(3.2) u(z,0) =0, z €R,
u(z,0) = g*(z), z€R.

Then v = v*.

z+ct
Proof. By d’Alembert’s formula (1.4), we have v(z,t) = 2/ 9" (y)dy. Firstly, v is
c X

—ct
even. Indeed,

1 —z+ct 1 x+ct 1 z+ct
weat) = [ gar=o [ auar=o [ gy =),
2c —xr—ct 2c r—ct 2c r—ct

where we used the fact that g* is even in the third equality. Then we show v is decreasing in
x for z > 0. In fact, when 0 < z < ct,

ov 1., N 1, N
— = — — = — — — <
L= g @+ et) — g — ct)] = o[yt + @) — g (ct — )] <0
and when x > ct,
ov 1., N
%:%[Q(I‘i‘d)—g(ﬂ?—d)]fo-

So then by the uniqueness of symmetric decreasing rearrangement, we conclude that v = v*.l

Now we can show the existence of supger(g) EL(9,1)-

90) ErL(g,t) is finite.
310
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Proof. By direct calculation, we have

(ug)e = %[g(:v +ct) +g(x—ct)] and (ug)s = %[g(az + ct) — g(z — ct)].

Hence, F1(g,t) is computed as

L
Er(g.1) = / () + g2

(3.3) !

5 [ [Pt + e —ct) da,

Using Proposition 2.1, we have

Er(g,t) < ;/ g*(x + ct)dx + ;/ g*(x — ct)dx
:/ g*(z)dx :/ g6 (z)dx < o0. u

Now, we can state one of the main results we obtain for wave equations:

Theorem 3.3. Fiz L > 0. If ct < L, then Er(g,t) < Er(g*,t), i.e., SuPyer(qy) Er(g:t) =
EL(.g*?t)'

Proof. Using (3.3) and making a change of variable, we have

2
L+ct L—ct
(3.4) _1 / P(z)dz + / *(z)dz

2 —L+ct 2 —L—ct

1 L+ct ) 1 L—ct )
O T

—L—ct —L+-ct

L
Er(g,t) = 1/L [¢*(x + ct) + ¢°(x — ct)] da

when ¢t < L. Then by Hardy-Littlewood inequality (See Theorem 3.4 in [5]) we have

L+ct o)
/ ¢ (2)dx = / @)X (Lot s (@)

—L—ct —00
00 ) L+ct )
< / (0 (@)X Lot ye () = / ) t(g*) (z)dz,

where (g2)*(x) = (¢*)?() in the last equality is due to (2.1). Similarly, we obtain

L—ct L—ct
/ P (a)dx < / (¢")2(x)d.
—L+ct —L+ct
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Combining these two inequalities, (3.4) becomes
L+ct L—ct
Fi(g.1) < (Vo + [

—L+-ct

( @ﬂ%mmﬁ
L
L/[@w%x+d>+wv%xdmm

—L—ct

L(g 7t)‘ |

However, the proof of Theorem 3.3 does not work for the case when ¢t > L. This is because
our energy functional becomes

1 L+ct 5 1 —L+ct )
Er(g,t) = 2/L tQ (w)d:c—2/L t g (z)dz,

and the sign in front of the second term is negative. Indeed, we can give a counterexample that
a similar result as for Theorem 3.3 is not correct, i.e., the symmetric decreasing rearrangement
of g does not yield the maximal energy Fp(g,t) in general.

Example 3.4. Consider the following Cauchy problem:

Ut = Ugy, reR, t>0,
(3.5) u(z,0) =0, r € R,
u(2,0) = g(z), xR,

where
V7, if ©€][0,1],
gx)=<V2—=x, if z€][1,2],
0, if = ¢]0,2].

Let L=1 and 1 <t < 2. Observing that ¢ =1, Er(g,t) (see Figure 1) is computed as

Ep(g.t) = % </_1: P(z)dz — /ljt g2(:n)dx> _ ;/ZH Px)dz = % {1 _ %(t _ 1)2] .

Now
V1-—uz, if ©xe€l0,1],
g*(:l:) = VI 17 Zf T C [_1?O]a
O, Zf x ¢ [7171]5

and Er(g*,t) (see Figure 2) is similarly computed to be
* 1 = *\2 ! *\2 1 2
Er(g"t) =5 (97)"(z)dx + (¢7)"(x)dz | = 5(2=1)"
2\J4 —14t 2

Thus, we have Er(g*,t) < Er(g,t) when 1 <t < 2, which is a desired counterexample.
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y-axis

Figure 1. FEr(g,t) Figure 2. Er(g",t)

4. Energy Optimization in One-Dimensional Wave Equations with Initial Displace-
ment. Now we consider the case when gy = 0 and fjy is non-trivial. In this section, we use
us to denote the d’Alembert solution of (1.1) when g = 0. This time our energy functional
becomes

L
(4.1) Eh(ﬁt)::/CL[OU) + A(up)?] de.

We aim to study

(4.2) sup Er(f,t).
FER(fo)

Surprisingly, different from the case with only initial velocity, the energy functional goes to
infinity when we consider certain rearrangement sequences of fy.

Lemma 4.1. Fiz L >0, and suppose |{fo > 0} < 2L. Then supscr s, EL(f,t) = oo when
ct < L.

Proof. Performing a similar calculation as in (3.4), we have

2 L
EL(f,t):/ 2(x + ct)dx + 2/ (f")%(x — ct)da

L+ct L— ct
(4.3) :/ M+/
L+ct L—ct
L+ct L— ct
= — / x)dr + — /
L—ct L+ct
Set fi = (fo)* and note that the support of f; is in [—L, L]. Then we observe that f; €
H(R) by Pélya-Szegd inequality (See Theorem 3.20 in [1]). On the other hand, we have

L
/ (f))?(z)dz > 0. Indeed, if/ (f))?(x)dx = 0, then f; equals to some constant a.e. on
-L

[-L, L] (See Lemma 8.1 in [2]). Since |{f1 > 0}| < 2L and f; is constant, by Theorem 8.2 in
[2], we have f; = 0 a.e. on R contradicting the fact that fy is non-trivial.
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Now define fa : R — R to be (see Figure 3):

f1(2z — L), x € [0, L],
fo(z) =< fi(2z + L), x € [-L,0],
0, x € R\[-L, L].

For any t > 0, as f; is continuous (replace it by its continuous representation if necessary,
see Theorem 8.2 and Remark 5 in Page 204 of [2]) and symmetric decreasing, we have {f; >
t} = (—s,s) for some s € [0,L]. By our definition of fs, one easily sees that {fo > t} =
(_TL -3 _TL +2)U (% -3 % +5). So [{fa > t}| = |{fi > t}| and fo € R(fo). Moreover, we

have
/_i(fé)z(x)dx _ /OL <Cz;f1(2x —L)>2da:+ /_OL <;;f1(2x+L)>2dx

=2/LL (fl’;%y))zdwz/i (f;;l<y>>2dy:4/i<ﬁ>2<x>dx.

Continuing this process inductively, we obtain a sequence (f,)nen C R(fo) and

(4.4)

L L
(4.5) / (1) (x)dz = 471 / (iP(a)da,

—L

When ¢t < L, by (4.5), (4.3) becomes

02 L+ct C2 L—ct
Bulhnt) =5 [ GP@ds G [ ()

—L—ct —L+ct
> [ e
- 2 n
—L
6247171

L
-5 | G

—L

Recalling that f_LL(f{)2(x)dac > 0, this implies sup, ey EL(fn, t) = co. Consequently, we have
SUp rer(f) EL(f,t) = 0o as desired. n

Actually, the above lemma is also correct for ¢t > L, which is different f rom t he c ase in
Theorem 3.3 and we conclude it as follow:

Theorem 4.2. Fiz L > 0, and suppose [{fo > 0} < 2L. Then supscr (s, Er(f,t) = oo.

Proof. The case when ¢t < L follows directly from Lemma 4.1. For the case when ct > L,

we just need to modify our f,. Indeed, define (f,) to be

falx) = (fo)(x —ct) z€R.

This is just the translation of f,, defined in Lemma 4.1 (see Figure 4) and note that supp f,, =

[—L + ct, L + ct]. Clearly, f,, € R(fs) = R(fo). Now, a similar calculation as in (4.3) shows
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that
B 2 [Let L—ct
EL(fn,t):/ (f)2( dw+/ (f)?(x)da
L+-ct L—ct
L+ct -
1 e
L+-ct
2 n—1 oL
c? c“4
= [ = 5 [
—L —L
where we used the facts —L + ¢t > L — ct and supp f, = [~L + ct, L + ct] in the second
equality, and (4.5) in the last equality. Then performing a similar argument as in Lemma 4.1,
the proof is complete. |
y-axis y-axis
Al -f
_ffz —f2
3 —f3
—L O L z-axis OFL +ct L+ ct z-axis
Figure 3. f, Figure 4. f,

Remark 4.3. Comparing (4.3) with (3.4), one can see that to maximize the energy func-
tional with only initial displacement (i.e., g = 0) is equivalent to maximize the energy of the
following problem:

U = CPUgy, reR, t>0,
u(z,0) =0, z € R,
u(z,0) =cf'(x), = €R.

This can be interpreted in physics as: a “sharper” initial displacement yields a larger velocity,
since this time there are more potential conserved in the string.

5. General Energy Optimization in One-Dimensional Wave Equation. Now we are in
the position to solve Problem 1.1. Recalling u¢, is the solution of (1.1) and Er(f,g,t) is
defined in (1.3), we have

Theorem 5.1. Suppose fo is non-trivial and |{ fo > 0}| < 2L. Then sup rer(sy) EL(f,9,t) =

9€R(g90)
0.
Proof. By d’Alembert’s formula, we have
(5.1)
1 L 02 L
Er(f,g,t) = 2/ [g2(:£ +ct) 4 g (z — ct)] dz + ) / [(f')Q(w +ct) + (f)?(z — ct)] dx
L —L

L
+ c/ [f'(x+ ct)g(z + ct) — f'(x — ct)g(x — ct)] du.
-L
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By Cauchy-Schwarz inequality, Young’s inequality and Proposition 2.1, we have for any € > 0,

L L 3/ L 3
‘/ f(z+ct)g(z + ct)dz| < </ (f)2(z + ct)dx) </ g (x —|—ct)d:1:)
L —L -L
L L
< 2%_ _L(f')Q(m + ct)dx + % /_L g*(z + ct)dzx
1 L
<o [P ctida S o,
which means
L 1 L 2 € 5
(5.2) /_L 'z +ct)g(z + ct)dz > 5 | (f’) (x + ct)dx — 5“90”2-
Similarly, we obtain
L L
/ f(x—ct)g(x — ct)dx < ‘/ f(x —ct)g(z — ct)dx
L —L
1L L
(5.3) < % 7L(f V2 (z — ct)dx + % /L g*(x — ct)dx
< [P et ol
=2 ), g 1902+
Using (5.2) and (5.3), (5.1) becomes
EL(f.9,t)
L
2;/_L [ (z +ct) + ¢° (z — ct)] do + / (:U—{—ct)—i—(f')Q(x—ct)] dx
L L
5 [P etde =Sl =5 [ (7P = etido = 5 laol?

c2 ¢ L 2
- (2 B 2) / () (4 ct) + (f)(x = et)ldz — ec]gol

—L

Now letting € = %, it follows that

En(figt)> < / (& +et) + (f)2(x — et)] dz — 2 |gol 2
> % [ 0P+ (e - )] de 2ol = §E70.0 - 2ol

= *EL(f t) = 21lgol3 -

Thus sup rer(so) Er(f,g,t) = co by Theorem 4.2. [ |
9€R(90)
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6. Energy Optimization in One-Dimensional Heat Equation. In this section, we consider
Problem 1.2. Recall uy, is the solution of (1.6) and it is given by (1.9). Then, we have

Theorem 6.1. Fiz L > 0. Then E(h,t) < Ep(h*,t), i.e., SuPpperng) ErL(h,t) = EL(h*,1).
Moreover, Er(h,t) = Er(h*,t) if and only if h = h*.

Proof. One easily sees that ®(z,t) = ®*(z,t) where the star operation is taken on z.
Using Riesz’s rearrangement inequality (Theorem 3.7 in [5]), we have

L (h,t) / / (z —y,t dydx—/ / X[—p.1)(@)®(x — y, t)h(y)dyda
<[ ) | X @~ v @)y
[ [ xcrn@oe - o )y
/ / (2 — . )h* () dyds = Ep(h*,1).

When Ep (h,t) = Er(h*,t), Riesz inequality takes the equality. Since the fundamental solution
®(xz,t) is strictly symmetric decreasing in x, by strict rearrangement inequality (Theorem 3.9
in [5]), we obtain h(z) = h*(x). This completes the proof. [ ]

Remark 6.2. We can also prove Theorem 6.1 by using Hardy-Littlewood inequality instead
of Riesz inequality, and we include this alternative proof here to show the powerfulness of
rearrangement theory. Setting the error function erf(z) = % fO‘T 6*52ds, the energy can be
transformed into the following form

Bu(ht) = /_Z; [erf (%) - @_\/kéﬂ h(y)dy.

Defining (r.(y,t) = 5 [erf(%%) erf<2f>], it is easy to see (j, is positive and strictly
symmetric decreasing in y. By Hardy-Littlewood inequality, see Theorem 3.4 in [5], we deduce

Ey(h,t) = / " L Dh(y)dy < / " G O () dy = / " Ly R )y = EL(h*. 1),

Moreover, if Er(h,t) = Er(h*,t), then Hardy-Littlewood inequality takes the equality. As (r,
is strictly symmetric decreasing, we can use the last assertion of Theorem 3.4 in [5] to show
h* is the unique maximizer.

We can also prove the stability of the problem.

Proposition 6.3. Given € > 0 and fixed L > 0. Let hy, ho be two non-negative functions in

LY(R) satisfying |[h1 — ha|[1 < €, then the distance between two optimal energy values is less
than €, i.e.,

|EL(hi' t) — Er(h3, )| <e.
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Proof. By (2.2), we have ||h} — h5||1 < ||h1 — h2|j1 < e. Then using Fubini theorem, we
have

L %) L [e%)
B (W, 0) — Ey(hs,1)] = / ) / B — y, )1 (y)dyde — / ) / Bz — y )1 () dydz

=] [ et v00i - v

=[] et v - )

[

s/ (0 = B3 ()| dy = ([} — hlls < <.

—00

IN

(1 = h3)(y)| dy

Remark 6.4. The initial value problem of the higher-dimensional heat equation can be
similarly formulated as:

u = kAu, ze€R™ t>0,

(6.1) u(z,0) = h(x), x € R,

and the energy functional can be similarly defined as

Eu(h,t) = /B e 0

where B(0, L) denotes the ball in R™ centered at the origin with radius L and u, denotes the
solution of (6.1). A similar result as Theorem 6.1 holds and the proof is in principle the same
as that of one-dimensional case by changing x|_r, 1) to Xp(o,1)-
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